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Introduction

Introduction

 Dissipativity

 J. C. Willems, “Dissipative dynamical systems, Part 1: Gen-
eral theory” Arch. Rational Mech. Anal., vol. 45, no. 5, pp.
321–351, 1972.
 J. C. Willems, “Dissipative dynamical systems, Part 2:
Quadratic supply rates” Arch. Rational Mech. Anal., vol. 45,
no. 5, pp. 359–393, 1972.

DI : Dissipativity inequality

DI :
:::

{
supply rate
storage function

⇒ 耗散：supply − storage
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Introduction

Introduction

 Hybrid systems
:::::::
discrete

:::::
time、

:::::::::::
continuous

:::::
time

ẋ1 = x2

ẋ2 = f(a, q)

x1: position
x2: speed
a: acceleration input
q ∈ {1, 2, 3, 4, 5,−1, 0}: gear
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Introduction

Introduction

 stability analysis
Method: dissipativity of subsystems
Issue: dissipativity under multiple supply rates

 A. R. Teel, “Asymptotic stability for hybrid systems via de-
composition, dissipativity, and detectability,” in Proc. 49th
IEEE Conf. Decis. Control, Atlanta, GA, USA, 2010, pp. 15–17.

mixed dissipativity ⇒ the stability of hybrid systems.
Limitation: systems without external disturbances

 E. D. Sontag, “Smooth stabilization implies coprime factor-
ization,” IEEE Trans. Autom. Control, vol. 34, no. 4, pp.
435–443, Apr. 1989.

input-to-state stability (ISS)⇒ how external inputs or
disturbances affect a system’s stability
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Introduction


::::::
Mixed

::::::::::::::::
K -Dissipativity and

::::::::::::
Stabilization

:::
to

::::
ISS for

:::::::::
Impulsive

::::::
hybrid

::::::::
systems

:::::::
(IHSs)

 dissipativity  the related stabilization to ISS

1○mixed supply rate 2○mixed K -dissipativity

⇓

the stabilization to ISS for an IHS

⇓

case of impulsive interconnected network

Bin Liu, David J. Hill, and Zhijie J. SunMixed K -Dissipativity and Stabilization to ISS for Impulsive Hybrid Systems2024 年 4 月 7 日 6 / 28



Introduction

Introduction


::::::
Mixed

::::::::::::::::
K -Dissipativity and

::::::::::::
Stabilization

:::
to

::::
ISS for

:::::::::
Impulsive

::::::
hybrid

::::::::
systems

:::::::
(IHSs)

 dissipativity  the related stabilization to ISS

1○mixed supply rate 2○mixed K -dissipativity

⇓

the stabilization to ISS for an IHS

⇓

case of impulsive interconnected network

Bin Liu, David J. Hill, and Zhijie J. SunMixed K -Dissipativity and Stabilization to ISS for Impulsive Hybrid Systems2024 年 4 月 7 日 6 / 28



Introduction

Introduction


::::::
Mixed

::::::::::::::::
K -Dissipativity and

::::::::::::
Stabilization

:::
to

::::
ISS for

:::::::::
Impulsive

::::::
hybrid

::::::::
systems

:::::::
(IHSs)

 dissipativity  the related stabilization to ISS

1○mixed supply rate 2○mixed K -dissipativity

⇓

the stabilization to ISS for an IHS

⇓

case of impulsive interconnected network

Bin Liu, David J. Hill, and Zhijie J. SunMixed K -Dissipativity and Stabilization to ISS for Impulsive Hybrid Systems2024 年 4 月 7 日 6 / 28



Introduction

Introduction


::::::
Mixed

::::::::::::::::
K -Dissipativity and

::::::::::::
Stabilization

:::
to

::::
ISS for

:::::::::
Impulsive

::::::
hybrid

::::::::
systems

:::::::
(IHSs)

 dissipativity  the related stabilization to ISS

1○mixed supply rate 2○mixed K -dissipativity

⇓

the stabilization to ISS for an IHS

⇓

case of impulsive interconnected network

Bin Liu, David J. Hill, and Zhijie J. SunMixed K -Dissipativity and Stabilization to ISS for Impulsive Hybrid Systems2024 年 4 月 7 日 6 / 28



Preliminaries and K -Dissipativity

Preliminaries and K -Dissipativity

Consider a IHS with external disturbances as

x(t+i ) = limt→t+i
x(t)、 {ti}i∈N: impulsive sequence、∆i = ti+1 − ti:

impulsive interval
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Preliminaries and K -Dissipativity Mixed K -Dissipativity for IHS

Mixed K -Dissipativity for IHS

Mixed supply rate
A function (γc, γd) is called

:
a
::::::::::::::::::::
mixed supply rate

:::
of

::::
IHS

::::
(1) if γc is

locally integrable and γd is locally summable, i.e.

∣∣∣∣∫ t

t0

γc (uc(s), yc(s)) ds

∣∣∣∣ < +∞

∣∣∣∣∣
i∑

k=0

γd(ud(tk), yd(tk))

∣∣∣∣∣ < +∞
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Mixed K -Dissipativity for IHS

Mixed K -dissipative

IHS is said to be
::::::::::::::::::::::
mixed K -dissipative

::::::
under

::::::::
(γc, γd) if there exist

storage functions Vc, Vd and functions rc, rd ∈ K∞ such that,

D+Vc(x) ≤ γc(uc, yc) + rc(∥wc(t)∥), t ∈ Ii, i ∈ N (1)
∆Vd(x) ≤ γd(ud, yd) + rd(∥wd(t)∥), t = ti, i ∈ N (2)

1) D+: Dini derivative; 2) ∆Vd(x(t)): Vd(x(t+))− Vd(x(t)).

A function γ : R+ → R+

1 class-K : it is continuous, zero at zero, and strictly increasing.
2 class-K∞: it is of class-K and is unbounded.

Special case
Vc = Vd ⇒ K -dissipative
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Preliminaries and K -Dissipativity Specialization to K -Dissipativity

Specialization to K -Dissipativity

Consider a general input–output system without impulse.{
ẋ = f(x(t), u(t), w(t))

y = h(x, u), t ≥ t0
(3)

K -dissipativity
System (3) is said to have

::::::::::::::::
K -dissipativity

::::::
w.r.t.

::::::::
supply

::::
rate

::
γ if

there exists a storage function V and ϕ ∈ K such that

D+V (x) ≤ γ(u, y) + ϕ(∥w∥), t ≥ t0 (4)
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Preliminaries and K -Dissipativity Specialization to K -Dissipativity

Specialization to K -Dissipativity

D+V (x) ≤ γ(u, y)+ϕ(∥w∥), t ≥ t0

V (xk+1)− V (xk) ≤ S(yk, uk)

Special case
w = 0 ⇒ classical dissipativity V (xk+1)− V (xk) ≤ γ(u, y)
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Stabilization to ISS for Mixed-K -Dissipativity IHS

Input-to-state stability (ISS)

IHS (1) is said to be
::::
ISS if there exists functions β ∈ K L and

〃r̃c, r̃d ∈ K∞ such that, for any k ∈ N, we have

∥x(t)∥ ≤ β(∥x0∥, t− t0) + r̃c(∥wc∥[t]) + r̃d(∥wd∥[t]), t ≥ t0.

1 A continuous function β : R+ × R+ → R+

class-K L : β(·, t) is of class-K for t ≥ 0 and β(s, ·) is
monotonically decreasing to zero for s > 0.

2 A function w : N → Rn

∥w∥[t] = supt0≤s≤t{∥w(s)∥} for all t ≥ t0 ≥ 0.
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Stabilization to ISS for Mixed-K -Dissipativity IHS

Lemma 1
∀ a, b ∈ R+ ∀ γ ∈ K , ∀ ρ ∈ K∞ with ρ− 1 ∈ K∞, we have

γ(a+ b) ≤ γ(ρ(a)) + γ(ρ ◦ (ρ− 1)−1(b))

Assumption 1
1 < ∆inf ≜ inf

i∈N
{∆i} ≤ ∆sup ≜ sup

i∈N
<∞ (5)

Assumption 2
∃ ψ1, ψ2 ∈ K∞ and constants λi, µi, i ∈ N (0 < λi ≤ λ, 0 < µi ≤ µ), for
some λ > 0, µ > 0, such that

ψ1(∥x∥) ≤ V (x) ≤ ψ2(∥x∥), V = Vc, Vd (6)
Vc(t

+
i ) ≤ λiVd(t

+
i ), Vd(ti) ≤ µiVc(ti), i ∈ N. (7)
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Stabilization to ISS for Mixed-K -Dissipativity IHS

Stabilization to ISS for Mixed-K -Dissipativity IHS

Theorem 1
Assume IHS is

::::::::::::::::::::::
mixed K -dissipative w.r.t. (γc, γd) and Vc, Vd

satisfying (1), (2), (6) and (7), and assume the following
1 ∃ φc (φ(0) = 0), pi (|pi| ≤ p), for some p > 0 such that

γc (φc(x(t)), hc(x(t))) ≤ piVc(t), t ∈ Ii (8)
2 ∃ φd (φd(0) = 0), qi, with qi > −1 such that

γd (φd(x(t)), hd(x(t))) ≤ qiVd(t), t = ti, i ≥ 1 (9)
3 ∃ α > 0 such that

(α+ pi)∆i + ln(1 + qi) + ln(λiµi) ≤ 0, i ∈ N (10)

⇒ IHS is stabilized to ISS under the state feedback control law
as

(uc, ud) = (φc(x), φd(x)). (11)

Bin Liu, David J. Hill, and Zhijie J. SunMixed K -Dissipativity and Stabilization to ISS for Impulsive Hybrid Systems2024 年 4 月 7 日 14 / 28



Stabilization to ISS for Mixed-K -Dissipativity IHS

Stabilization to ISS for Mixed-K -Dissipativity IHS

证明.

mixed K -dissipativity : D+Vc(x) ≤ γc+ rc(∥wc(t)∥),∆Vd(x) ≤
γd + rd(∥wd(t)∥)
condition 1: γc ≤ piVc(t) condition 2: γd ≤ qiVd(t)

⇒ D+Vc(x) ≤ piVc(t) + rc(∥wc(t)∥), t ∈ Ii

Vd(t
+) ≤ (1 + qi)Vd(t) + rd(∥wd(t)∥), t = ti

|pi| ≤ p⇒R1 ≜

{
1
pi
epi(t−ti)−1 pi > 0

t− ti pi ≤ 0
≤max

{
1
pe

p∆sup − 1,∆sup

}
:::::::::::::::::::::::

⇒ Vc(t) ≤ Vc(t
+
i )e

pi(t−ti) +R1(pi, t− ti)rc(∥wc∥[t])
:::::::::::::::::::::::::::::::::::::::::::::

(12)
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Stabilization to ISS for Mixed-K -Dissipativity IHS

Stabilization to ISS for Mixed-K -Dissipativity IHS

证明.

Vd(t
+) ≤ (1 + qi)Vd(t) + rd(∥wd(t)∥)

Assumption 2: Vc(t+i ) ≤ λiVd(t
+
i ), Vd(ti) ≤ µiVc(ti)

⇒ Vc(ti+1) ≤ λiµi(1 + qi)e
pi(t−ti)Vc(ti) +R1(pi, t− ti)rc(∥wc∥[t])

+ λie
pi(t−ti)rd(∥wd(ti)∥), t ∈ Ii (13)

ai ≜ Vc(ti), σi ≜ pi∆i + ln (1 + qi) + ln (λiµi), Xi ≜ eσi , Yi ≜
R1(pi,∆i), Zi ≜ λie

pi∆i

⇒ ai+1 ≤ Xiai + Yirc(∥wc∥[ti+1]) + Zird(∥wd∥[ti]) (14)
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Stabilization to ISS for Mixed-K -Dissipativity IHS

Stabilization to ISS for Mixed-K -Dissipativity IHS
证明.

ai+1 ≤ Xiai + Yirc(∥wc∥[ti+1]) + Zird(∥wd∥[ti])
:::::::::::::::::::::::::::::::::::::::::::

ai+1 ≤ Xi{Xi−1ai−1 + Yi−1rc(∥wc∥[ti]) + Zi−1rd(∥wd∥[ti−1])}
+ Yirc(∥wc∥[ti+1]) + Zird(∥wd∥[ti]) ≤ · · ·

≤ e
∑i

j=0 σjVc(t0) +

i∑
j=0

Gi(X,Yj)rc(∥wc∥[ti+1])

::::::::::::::::::::::::::::::::::::::::

+

i∑
j=0

Gi(X,Zj)rd(∥wd∥[ti])

:::::::::::::::::::::::::

(15)

where Gi(X,Hi) = Hi, Gi(X,Hj) = e
∑i

k=j+1 σkHj , 0 ≤ j ≤ i− 1,
H = Y, Z.
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Stabilization to ISS for Mixed-K -Dissipativity IHS

Stabilization to ISS for Mixed-K -Dissipativity IHS

证明.

∵ Assumption 1 : 0 < ∆inf ≤ ∆sup < +∞, condition 3: α > 0
∴ ∃M > 0 such that

::::::::::::::::::::::::

∑i
j=0 e

−α(ti+1−tj+1) < M

:::::::::::::::::::::::::
Gi(X,Hj) = e

∑i
k=j+1 σkHj ,

⇒
i∑

j=0

Gi(X,Yj) ≤ K1,
i∑

j=0

Gi(X,Zj) ≤ K2

:::::::::::::::::::::::::::::::::::::::

(16)

where K1 = max
{

1
pe

p∆sup − 1,∆sup

}
M , and K2 = λep∆supM .
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Stabilization to ISS for Mixed-K -Dissipativity IHS

Stabilization to ISS for Mixed-K -Dissipativity IHS

证明.
⇒ ai ≤ e−α(ti−t0)Vc(t0) +K1rc(∥wc∥[ti]) +K2rd(∥wd∥[ti]) (17)

For any t ∈ Ii, by (17), (12), (13), (6), and using Lemma 1, it is easy
to see that ∃r̃c, r̃d ∈ K∞

∥x(t)∥ ≤ β(∥x0∥, t− t0) + r̃c(∥wc∥[t]) + r̃d(∥wd∥[t])

where β(r, s) = ψ−1
1

(
λµqe(α+p)∆sup e−αsψ2(r)

)
∈ K L .

Hence,
::::
IHS

:::
(1)

::
is
::::::::::
stabilized

:::
to

::::
ISS

::::::
under

::::
the

:::::
state

:::::::::
feedback

::::::::
control

:::
law

:::::
(11).
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Case of Impulsive Interconnected Networks

Case of Impulsive Interconnected Networks

Consider the following impulsive interconnected network:

Si :


ẋi = Aixi +Biwi, t ∈ Ij

∆xi = Cixi +Di(ui + Fiwi), t = tj

yi = Eixi, t ≥ 0; i = 1, 2; j ∈ N
(18)

subject to the following interconnection control:

u1 = K1y2, u2 = K2y1, t ≥ 0 (19)

Denote ūi = ui + Fiwi, the quadratic supply rates as

ϕi(ūi, yi) = ū⊤i Riūi + 2ū⊤i Siyi + y⊤i Qiyi (20)
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Case of Impulsive Interconnected Networks

Case of Impulsive Interconnected Networks

Theorem 2

∃Pi > 0, ai ≥ 0 and bi > 0, i = 1, 2, such that the following LMIs hold:(
PiAi +A⊤

i Pi − aiPi PiBi

B⊤
i Pi −biI

)
≤ 0 (21)(

C̃⊤
i PiC̃i − E⊤

i QiEi − Pi C̃⊤
i PiDi − E⊤

i S
⊤
i

D⊤
i PiC̃i − SiEi D⊤

i PiDi −Ri

)
≤ 0 (22)

where C̃i = I + Ci. Then, IHSs (18) are
::::::::::::::::::::::
mixed K -dissipative

::::::
w.r.t.

::::::::
(γci, γdi), where γci = aix

⊤
i Pixi, and γdi = ϕi(ūi, yi).
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Case of Impulsive Interconnected Networks

Case of Impulsive Interconnected Networks

证明.

Let Vi(xi) = x⊤i Pixi, by (21) and (22), we get

D+Vi(t) ≤ aiVi(t) + bi∥wi(t)∥2, t ̸= tj (23)
∆Vi(t) ≤ ϕi(ūi, yi), t = tj , j ∈ N (24)

D+Vc(x) ≤ γc(uc, yc) + rc(∥wc(t)∥), t ∈ Ii, i ∈ N
∆Vd(x) ≤ γd(ud, yd) + rd(∥wd(t)∥), t = ti, i ∈ N

⇒ The mixed K -dissipative of every node in (18) can be directly
proofed.

Note: ai ≥ 0, it is allowed that both systems ẋi = Aixi + Biwi

have no ISS.
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Case of Impulsive Interconnected Networks

Case of Impulsive Interconnected Networks

Theorem 3
∃ci, di, c > 0 satisfying 0 < c1 < 1, 0 < c2 < c, such that,(

E⊤Φ1E + c̄P̄ E⊤Φ2F
F⊤Φ⊤

2 E F⊤Φ3F − d̄I

)
≤ 0 (25)

max {a1, a2} ·∆sup + ln
(
1−max

{
c1,

c2
c

})
< 0 (26)

Φ1 =

(
Q1 + cK⊤

2 R2K2 S⊤
1 K1 + cK⊤

2 S2
K⊤

1 S1 + cS⊤
2 K2 cQ2 +K⊤

1 R1K1

)
,Φ3 = diag{R1, cR2},

Φ2 =

(
S⊤
1 cK⊤

2 R2

K⊤
1 R1 cS⊤

2

)
, P̄ = diag{P1, P2}, c̄ = diag{c1I, c2I},

d̄ = diag{d1I, d2I}, E = diag{E1, E2}, and F = diag{F1, F2}.
Then the network (18) is

:::::::::
stabilized

::
to

::::
the

::::
ISS

::::::
under

::::::::::::::::
interconnection

:::::::
control

::::
(19).
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Case of Impulsive Interconnected Networks

证明.

Denote x = (x⊤1 , x
⊤
2 )

⊤, let V (x) = V1(x1) + cV2(x2), then we have

ψ1(∥x∥) ≤ V (x) ≤ ψ2(∥x∥) (27)

ψ1(s) = min{λmin(P1), cλmin(P2)}s2, ψ2(s) =
max{λmax(P1), cλmax(P2)}s2Let p = max{a1, a2}, q = −max{c1, c2c },
by (21), (22), (25), (26), we get

⇒ D+V (t) ≤ pV (t) + b1 ∥w1∥2 + cb2 ∥w2∥2 , t ̸= tj (28)
∆V (t) ≤ ϕ1 (ū1, y1) + cϕ2 (ū2, y2)

≤ qV (t) + d1 ∥w1∥2 + d2 ∥w2∥2 , t = tj , j ∈ N (29)

By (28), (29), and Theorem 1, ⇒ all the conditions of Theorem 1 are
satisfied ⇒ network (18) is stabilized to the ISS under (19).
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Case of Impulsive Interconnected Networks

Example

Consider a network (18), where

A1 =

 0.01 0 0.1
0 0.1 0.2
0 0 0.1

 , A2 =

 −0.2 0 0
0 0.1 0.1
0.1 0 0.05


B1 = B2 = I, C1 = C2 = −0.95I

D1 = D2 = E1 = E2 = F1 = F2 = I.

Let the matrices of quadratic supply rates (20) be

Q1 =

 −0.0315 0.0004 0.0251
0.0004 −0.0001 0.0002
0.0251 0.0002 −0.0315

 S1 = −0.3Q1, R1 = −4Q1

Q2 =

 −0.1239 −0.0001 0.0029
−0.0001 −0.0005 0.0002
0.0029 0.0002 −0.0219

 S2 = −0.3Q2, R2 = −4Q2.
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Case of Impulsive Interconnected Networks

Example

By solving LMIs (21) and (22) in Theorem 2, we get
a1 = 0.22 > 0, a2 = 0.21 > 0, b1 = 1.3, b2 = 1.0, and

P1 =

 0.1050 −0.0014 −0.0836
−0.0014 0.0.0002 −0.0007
−0.0836 −0.0007 0.1050


P2 =

 0.4131 0.0002 −0.0097
0.0002 0.0017 −0.0006
−0.0097 −0.0006 0.0730

 .

By Theorem 2, every node is mixed K -dissipative w.r.t.
(γci, γdi), where

::::::::::::::
γci = aix

⊤
i Pixi, and γdi = ϕ(ūi, yi).

Note: ẋi(t) = Aixi(t) +Biwi(t), i = 1, 2, have no ISS.
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Case of Impulsive Interconnected Networks

Example

u1 = K1y2, u2 = K2y1, t ≥ 0

Let K1 = k1I, K2 = k2I, tl+1 = tl +∆.

Setting ∆ = 0.2 and by solving LMIs (25) and (26) in Theorem 3,
we get k1 = k2 = −0.01, c1 = c2 = 0.85, c = 1, d1 = 4, and d2 = 3.

⇒ by Theorem 3, under the designed interconnection control, the
network is stabilized to ISS.
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Case of Impulsive Interconnected Networks

Thank you for your attention!
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