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M Hybrid systems
discrete time. continuous time

.’tl = X9
Tg = f(a7 Q)

@ x1: position

@ I5: speed

@ a: acceleration input
qg€{1,2,3,4,5,—1,0}: gear
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[ A. R. Teel, “Asymptotic stability for hybrid systems via de-
composition, dissipativity, and detectability,” in Proc. 49th
IEEFE Conf. Decis. Control, Atlanta, GA, USA, 2010, pp. 15-17.

mixed dissipativity = the stability of hybrid systems.
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IEEFE Conf. Decis. Control, Atlanta, GA, USA, 2010, pp. 15-17.

mixed dissipativity = the stability of hybrid systems.

e Limitation: systems without external disturbances

[ E. D. Sontag, “Smooth stabilization implies coprime factor-
ization,” IEEE Trans. Autom. Control, vol. 34, no. 4, pp.
435443, Apr. 1989.

input-to-state stability (ISS)= how external inputs or
disturbances affect a system’s stability
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Dmized supply rate (2)mized ¥ -dissipativity
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the stabilization to ISS for an IHS
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Preliminaries and % -Dissipativity

Consider a IHS with external disturbances as
f(0,0,0)=0, I,(0,0,0)=0 w.(0)=0, w,(0)=0
continuous functions external disturbances

l%](r(t).u,.(t), ! te I = (2‘,,1, t,’+1]

z(t)—z(t a(t), ua(t) b=t (1)
z(t),u.(t)), t #t
outputs z(t)ua(t)) t=t;,1€N

control inputs u,(0)=0, u,(0)=0

aj(tj) = hmt—nj x(t)« {ti}ien: impulsive sequence. A; =t; 41 — t;:

impulsive interval
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Mixed 7 -Dissipativity for IHS

Mixed supply rate

A function (v.,74) is called a mized supply rate of THS (1) if 7. is

locally integrable and v, is locally summable, i.e.

/t e (11e(8), ye(s)) ds| < +00

0

Z’Yd(ud(tk%yd(tk)) < 400
k=0
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Mixed 7 -Dissipativity for IHS

Mized 7 -dissipative

THS is said to be mized % -dissipative under if there exist

storage functions V., V; and functions r.,r4 € #,, such that,

DYVe() < Yeltie ye) + re(lwe(®)]]), te€ FieN (1)
AVy(x) < va(ug, ya) + ra(llwa(t)l)), t=t;i €N (2)
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1) D*: Dini derivative; 2) AVy(z(t)): Vy(z(tT)) — Va(z(t)).

A function v: Ry — Ry
@ class-J¢: it is continuous, zero at zero, and strictly increasing.
@ class-#,,: it is of class-# and is unbounded.

Special case
V. = Vy = # -dissipative J

™ = = — Yot
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Specialization to # -Dissipativity

Consider a general input—output system without impulse.

&= fz(t),ut), w(t))
y = h(x,u),t >ty

135000 LV DENTST N BN = ST VIS (T QWA SR ISIN IR \ [ i xed ¢ -Dissipativity and Stabilizat 2024 4 H7H 10 /28



23N FEOOSEIERS RN te W SR DI ENAASInAl Specialization to £ -Dissipativity

Specialization to # -Dissipativity

Consider a general input—output system without impulse.

{a‘c = f(x(t), u(t), w(t))

Yy = h(m,u),t > 1o

K -dissipativity

System (3) is said to have 7 -dissipativity w.r.t. supply rate v if
there exists a storage function V and ¢ € % such that

DV (x) < v(uyy) + o(fwl), ¢ >t (4)
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Specialization to # -Dissipativity

DYV (z) < y(u,y)+o(wl), t>to
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DYV (z) < y(u,y)+o(wl), t>to

Journal of Process Control 96 (2020) 37-48

Contents lists available at ScienceDirect

Journal of Process Control

journal www.elsevier.

Dissipativity-based distributed fault diagnosis for plantwide chemical M)

processes” gt

V(zre1) = Vizk) < Sy, uk)

Special case

w = 0 = classical dissipativity V(zp+1) — V(zr) < v(u,y)
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Input-to-state stability (ISS)

IHS (1) is said to be ISS if there exists functions 5 € 7. and
Te,Tg € Ko such that, for any k& € N, we have

@)l < BUlzoll, ¢ = to) + Fe([[well ) + Talllwally), = to.
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Input-to-state stability (ISS)

IHS (1) is said to be ISS if there exists functions 5 € 7. and
Te,Tg € Ko such that, for any k& € N, we have

@)l < BUlzoll, ¢ = to) + Fe([[well ) + Talllwally), = to.

@ A continuous function 5 : Ry x Ry — Ry

o class-#.Z: B(-,t) is of class-# for t > 0 and ((s,-) is
monotonically decreasing to zero for s > 0.
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Stabilization to ISS for Mixed-.%#-Dissipativity THS

Input-to-state stability (ISS)

IHS (1) is said to be ISS if there exists functions 5 € 7. and
Te,Tg € Ko such that, for any k& € N, we have

@)l < BUlzoll, ¢ = to) + Fe([[well ) + Talllwally), = to.

@ A continuous function 5 : Ry x Ry — Ry
o class-#.Z: B(-,t) is of class-# for t > 0 and ((s,-) is
monotonically decreasing to zero for s > 0.
@ A function w: N — R”"
o [w|ly = suptogsgt{ﬂw(s)ﬂ} for all t > tg > 0.
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Lemma 1
Va,beRL YV ye X,V pe Hy with p—1 € H#, we have

v(a+b) < 7(p(a)) +v(po (p—1)"" (b))
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Lemma 1
Va,beRL YV ye X,V pe Hy with p—1 € H#, we have

v(a+b) < 7(p(a)) +v(po (p—1)"" (b))

Assumption 1

1 < Ay 2inf{A;} < Agsup £ sup < (5)
iGN l’eN
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Lemma 1
Va,beRL YV ye X,V pe Hy with p—1 € H#, we have

v(a+b) < 7(p(a)) +v(po (p—1)"" (b))

Assumption 1
1< Ajr = inf{A;} < Agyp = sup < 00 (5)
iEN iGN

v

Assumption 2

3 91,19 € Ho and constants A;, i, 7 € N (0 < X < A 0 < py < ), for
some A > 0, p > 0, such that

dr(llzl])

Viz) <o(llzl)), V=V, Va (6)
Ve(th) < \i

<
< ANVa(th), Va(ts) < piVe(ts), i€N. (7)

) = = =

Sake
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Stabilization to ISS for Mixed-.%#-Dissipativity THS

Theorem 1

Assume IHS is mized .7 -dissipative w.r.t. (ve,7vq) and Ve, Vy
satisfying (1), (2), (6) and (7), and assume the following

Q@ I ¢ (p(0) =0), pi (|Jpi| < p), for some p > 0 such that

Ve (@e(2(1)), he(z())) < piVe(t), te€ . (8)
@ 3 ¢4 (vq(0) =0), ¢, with ¢g; > —1 such that
Ya (pa(z(t)), ha(z(t))) < @iVa(t), t=1t;, 1>1 (9)
© d a > 0 such that
(a+pi)A; +In(l+q;) + In(Ap;) <0, i€N (10)

= [HS is stabilized to ISS under the state feedback control law
as

(ue, ua) = (#e(@), pa()). (11)

v
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Stabilization to ISS for Mixed-.%#-Dissipativity THS

ER.

mized ¥ -dissipativity: DTV.(z) < ve+re(||we(t)]), AVy(z) <

Ya + ra(llwa®)|)
condition 1: 7, < p;V.(t) condition 2: 74 < ¢;Vy(t)

= DTVe(z) < piVe(t) +re(we®)]), t € 5
Va(t™) < (14 a)Va(t) + ra([wa®)l), t=1t;
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R

mized ¥ -dissipativity: DTV.(z) < ve+re(||we(t)]), AVy(z) <
Ya + ra(llwa®)|)
condition 1: 7, < p;V.(t) condition 2: 74 < ¢;Vy(t)

= D*Ve(x) < piVe(t) + re(lwe®)]), t € S

Va(t™) < (14 g)Va(t) + ra(llwa(®)]]), t =t
1 opi(t—ti)—1 p; >0
| < é Pi @ < l PAsu _

Pl =i {t—ti p<o | SPEEoLAw)

= Ve(t) < Vo(t)e! 1) + Ry (pi,t — ti)re(|lwell ) (12)
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Stabilization to ISS for Mixed-.%#-Dissipativity THS

UER.

Va(tt) < (1 + @)Va(t) +ra(lwa()|)
Assumption 2: V.(t7) < \Va(t]), Va(ts) < wiVe(t;)

= Ve(tir1) < Aipi(1+ )" IVe(ti) + Ra(pist — ti)re(||wellg)
+ X"y (lwa()ll), t € S (13)

v
= i = = et
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Stabilization to ISS for Mixed-.%#-Dissipativity THS

UER.

Va(tt) < (1 + @)Va(t) +ra(lwa()|)
Assumption 2: V.(t7) < \Va(t]), Va(ts) < wiVe(t;)

= Ve(tir1) < Aipi(1+ )" IVe(ti) + Ra(pist — ti)re(||wellg)
+ X"y (lwa()ll), t € S (13)

ai £ Ve(ts), 0s = piAi +In(14+¢q) +In (M), X; = €%, V; 2
Ri(pi, D), Z; & NjePithi

= ait1 < Xia; + Yire([well g, 1) + Zira(l|lwall ) (14)
DA
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Stabilization to ISS for Mixed-.%#-Dissipativity THS

WEBA.
aiv1 < Xia; + Yire(|lwellie, 1) + Zira(llwallz,)

ait1 < Xi{Xi—1ai-1 + Yicare(||wellie)) + Zi—ara(llwalliz; 1)}
+ Yire(llwellig; ) + Zira(llwallz) <

< eX5=03V,(to) +ZG (X, Y)re(llwelli )
7=0

+> " GilX, Z;)ra(llwall,) (15)
j=0

where G;(X, H;) = Hz,G(XH)—eZkJHU’“H 0<j<i—1,
H=Y,Z.

135000 LV DENTST W BN = ST VIS ST QWA SR ISIN IR \ [ xed 7 -Dissipativity and Stabilizat 2024 4 H7H

17 /28



Stabilization to ISS for Mixed-. % -Dissipativity ITHS

Stabilization to ISS for Mixed-.%#-Dissipativity THS

UEH.

" Assumption 1: 0 <'Ainf < Agup < 400, condition 3: o >0

~.3M > 0 such that 37;_ge 2Vt 7t < M
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Stabilization to ISS for Mixed-.%#-Dissipativity THS

UEH.

" Assumption 1: 0 <'Ainf < Agup < 400, condition 3: o >0
. 3M > 0 such that 3% e 2tir1i—tiv) < pf

G:(X.H:) = 622:;‘“%]{.7

=Y Gi(X,Y)) < K1, Y Gi(X,Z;) < K> (16)
j=0 j=0
where K| = max {%epAS“P -1, Asup} M, and Ky = \ePPsw ). DJ
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Stabilization to ISS for Mixed-. % -Dissipativity ITHS

Stabilization to ISS for Mixed-.%#-Dissipativity THS

WEBA.
= a; < e UV (o) + Kyre(||wellp) + Kora(llwall ) (17)
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Stabilization to ISS for Mixed-. % -Dissipativity ITHS

Stabilization to ISS for Mixed-.%#-Dissipativity THS

WEBA.
= a; < e IV () + Kyre(|lwellp) + Kora(llwall ) (17)

For any t € .#;, by (17), (12), (13), (6), and using Lemma 1, it is easy
to see that 37, 74 € H

l@) < Bllzoll, ¢ = to) + 7e(llwellfy) + 7alllwallr)

where B(r,s) = ;! ()\uqe(o‘+p)ASuP e y(r)) € H L.
Hence, THS (1) is stabilized to ISS under the state feedback control law
. O

v
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Case of Impulsive Interconnected Networks

Case of Impulsive Interconnected Networks

Consider the following impulsive interconnected network:

&; = Aiwi + Biw;, te g
SZ‘ : ACUZ = Clﬁl + DZ(’LLZ + Fiwi), t= tj
yi=Eix;, t>0; i=1,2; jeEN

subject to the following interconnection control:

up = Kiy2, us = Koy1, t>0

135000 LV DENTST W BN = ST VIS ST QWA SR ISIN IR \ [ i xed 7 -Dissipativity and Stabilizat 2024 4 H7H

20/ 28



Case of Impulsive Interconnected Networks

Case of Impulsive Interconnected Networks

Consider the following impulsive interconnected network:

&; = Aiwi + Biw;, te g
SZ‘ : ACUZ = Clﬁl + DZ(’LLZ + Fiwi), t= tj
yi=Eix;, t>0; i=1,2; jeEN

subject to the following interconnection control:

up = Kiy2, us = Koy1, t>0

Denote u; = u; + Fyw;, the quadratic supply rates as

¢i(Wi, yi) = U, Ritt; + 2, Siyi + i Qi
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Case of Impulsive Interconnected Networks

Case of Impulsive Interconnected Networks

Theorem 2

dF; > 0, a; > 0 and b; > 0, i = 1,2, such that the following LMIs hold:

PA;+ Al P, —a;P; P,B;
t <
( B P —bil ) =0 (1)
CIPCi— Bl QiE; — P, CIPD; — B ST\ _ (22)
D] P,C; — S;E; D/ P.D; — R; =

where C~', = I+ C;. Then, IHSs (18) are mized 7 -dissipative w.r.t.
(Veis7ai), where v = a;x;) Py, and va; = &5 (s, ;).
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Case of Impulsive Interconnected Networks
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Case of Impulsive Interconnected Networks

Case of Impulsive Interconnected Networks
TEH.
Let V;(x;) = z; Piz;, by (21) and (22), we get

DYVi(t) < aiVi(t) + billwi (1), t # t;
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Case of Impulsive Interconnected Networks

Case of Impulsive Interconnected Networks

R
Let V;(x;) = z; Piz;, by (21) and (22), we get
DYVi(t) < aiVi(t) + billwi(®)[1%, t #1; (23)

DtVe(z) < Yelue, ye) + re(flwe®)|])), te€ H,ieN
AVy(x) < va(ug,ya) + ra(Jwa(t)]]), t=ti,i €N

= The mized 7 -dissipative of every node in (18) can be directly
proofed.
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Case of Impulsive Interconnected Networks

Case of Impulsive Interconnected Networks

R
Let V;(x;) = z; Piz;, by (21) and (22), we get
DYVi(t) < aiVi(t) + billwi(®)[1%, t #1; (23)

DtVe(z) < Yelue, ye) + re(flwe®)|])), te€ H,ieN
AVy(x) < va(ug,ya) + ra(Jwa(t)]]), t=ti,i €N

= The mized 7 -dissipative of every node in (18) can be directly
proofed.

Note: a; > 0, it is allowed that both systems &; = A;x; + Bjw;
have no ISS.
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Case of Impulsive Interconnected Networks

Case of Impulsive Interconnected Networks

Theorem 3
Jde;, di, ¢ > 0 satisfying 0 < ¢; < 1, 0 < ¢2 < ¢, such that,

ET®E+¢P  E'®,F
- <
< F'e,E  F'®&3F—dl )~ 0 (25)
max {a1, a2} - Agyp +1n (1 — max {cl, c—j}) <0 (26)

P, = Ql + CK;R2K2 SIKI + CK;SQ
P UK S 4+ ¢S] Ky ¢Qo+ K RIK,
ST CKTRQ = . _ .
(1)2 = < I(lirRl CS;Z— ; P = dla’g{PLPQ}’ c= dlag{011, CZI}a
d = diag{diI,dsI}, E = diag{E1, >}, and F = diag{F}, F)}.
Then the network (18) is stabilized to _the ISS under interconnection

control (19).

) ,®3 = diag{ R1, cRa2},

v
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Case of Impulsive Interconnected Networks

Case of Impulsive Interconnected Networks

ER.
Denote = (z{,24)", let V(x) = Vi(z1) + cVa(x2), then we have

hr(flzll) < V() < ¢a(llz])) (27)

7,/)1(8) = min{)\min(Pl), C)\min(PQ)}SQ, ¢2(5) =
max{Amax(P1), c)\maX(Pg)}s2

v
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Case of Impulsive Interconnected Networks

Case of Impulsive Interconnected Networks

WEH.

Denote = (z{,24)", let V(x) = Vi(z1) + cVa(x2), then we have
i(llzll) < V() < o[l (27)

P1(s) = min{Awmin(P1), Amin(P2) }5°,92(s) =

max{ Amax(P1), CAmax (P2) }s?Let p = max{ay, a2}, ¢ = — max{cy, 21,
by (21), (22), (25), (26), we get

= DTV (t) < pV () 4 by |Jwi || + cbg |wa||*, t#t, (28)
AV (t) < ¢1 (a1, y1) + cdo (U2, y2)
<qV(t) +dy |wi|* +do |wa|?, t=t,j €N (29)

v
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Case of Impulsive Interconnected Networks

Case of Impulsive Interconnected Networks

UEM].

Denote = (z{,24)", let V(x) = Vi(z1) + cVa(x2), then we have

hr(flzll) < V() < ¢a(llz]))

¢1(s) = min{)\min(Pl), C)\mm(PQ)}SQ, ng(s) =

max{ Amax(P1), CAmax (P2) }s?Let p = max{ay, a2}, ¢ = — max{cy, 21,

by (21), (22), (25), (26), we get
= DTV (t) < pV (t) + by |Jwy||* + cba ||wa?,
AV (t) < ¢1 (1, y1) + cd2 (a2, y2)
< qV(t) +dy |wr|? + do ||wa?

By (28), (29), and Theorem 1, = all the conditions of Theorem 1 are
satisfied = network (18) is stabilized to the ISS under (19). O

(27)

t At (28)
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Case of Impulsive Interconnected Networks

Example

Consider a network (18), where

0.0l 0 0.1 02 0 0
A= 0 01 02|, Ay = 0 0.1 0.1

0 0 0.1 01 0 0.05
Bi =B, =1, C1=Cy = —0.95]

Di=Dy=E=E=FN=F=1.
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Case of Impulsive Interconnected Networks

Example

Consider a network (18), where

0.0l 0 0.1 02 0 0
A= 0 01 02|, Ay = 0 0.1 0.1

0 0 0.1 01 0 0.05
Bi =B, =1, C1=Cy = —0.95]

Di=Dy=FEi=FEy=F =F,=1.
Let the matrices of quadratic supply rates (20) be

—0.0315 0.0004  0.0251
Q1= 0.0004 —0.0001 0.0002 S1=-03Q1, Ry =-4Q
0.0251  0.0002 —0.0315

~0.1239  —0.0001  0.0029
Q2= | —0.0001 —0.0005 0.0002 Sy =—0.3Q2, Ro = —4Q-.
0.0029  0.0002 —0.0219
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Case of Impulsive Interconnected Networks

Example

By solving LMIs (21) and (22) in Theorem 2, we get
a1 =0.22>0,a,=0.21>0,b =1.3, by = 1.0, and

0.10560 —0.0014 —0.0836
P =1 —-0.0014 0.0.0002 -0.0007
—0.0836 —0.0007  0.1050

0.4131  0.0002 —0.0097
P = 0.0002  0.0017 —0.0006
—0.0097 —0.0006 0.0730
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Case of Impulsive Interconnected Networks

Example

By solving LMIs (21) and (22) in Theorem 2, we get
a1 =0.22>0,a,=0.21>0,b =1.3, by = 1.0, and

0.10560 —0.0014 —0.0836
P =1 —-0.0014 0.0.0002 -0.0007
—0.0836 —0.0007  0.1050

0.4131  0.0002 —0.0097
P = 0.0002  0.0017 —0.0006
—0.0097 —0.0006 0.0730

By Theorem 2, every node is mized % -dissipative w.r.t.
(Veis Vai), where Ye = iz Pizi, and vai = ¢(%, yi)-
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Case of Impulsive Interconnected Networks

Example

By solving LMIs (21) and (22) in Theorem 2, we get
a1 =0.22>0,a,=0.21>0,b =1.3, by = 1.0, and

0.10560 —0.0014 —0.0836
P =1 —-0.0014 0.0.0002 -0.0007
—0.0836 —0.0007  0.1050

0.4131  0.0002 —0.0097
P = 0.0002  0.0017 —0.0006
—0.0097 —0.0006 0.0730

By Theorem 2, every node is mized % -dissipative w.r.t.
(Veis Vai), where Ye = iz Pizi, and vai = ¢(%, yi)-

[ Note: .’El(t) = Azl‘l(t) + Bz-wi(t), i = 1,2, have no ISS.
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of Impulsive Interconnected Netw:

Example

up = Kiyo, wup = Koy;, t>0
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Case of Impulsive Interconnected Networks

Example

up = K1y2, us = Koy1, t>0

[ Let K1 = k11, Ky = kol tiy1 =t + A.

Setting A = 0.2 and by solving LMIs (25) and (26) in Theorem 3,
we get k1 = ko = —0.01, ¢ =3 =0.85,c=1, d; =4, and dy = 3.
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Case of Impulsive Interconnected Networks

Example

up = K1y2, us = Koy1, t>0

[ Let K1 = k11, Ky = kol tiy1 =t + A.

Setting A = 0.2 and by solving LMIs (25) and (26) in Theorem 3,
we get k1 = ko = —0.01, ¢ =3 =0.85,c=1, d; =4, and dy = 3.

= by Theorem 3, under the designed interconnection control, the
network is stabilized to ISS.
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Case of Impulsive Interconnected Networks

Bin Liu, David J. Hill, and Zhijie J
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